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An algorithm is proposed for realizing the method of characteristics for the ana-
lysis of one-dimensional wave processes excited by the edge effect and describ-
ed by a quasilinear system of differential equations having several pairs of fam-
ilies of characteristics, The algorithm is written in Lagrangian coordinates for
conical and cylindrical shells, on the basis of a quasilinear system of sixth order
equations of a geometrically nonlinear theory of Timoshenko type [1],

The algorithm presumes the absence of strong discontinuities, i.e,, of discon-
tinuities in the first derivatives of the shell displacement, which will limit the
class of admissible edge effects and permit carrying out the analysis up to the
appearance of the first shock in problems where the shocks originate during wave
propagation, Despite this, the proposed algorithm permits elucidation of speci-
fic properties of the wave solution in nonlinear theory, An illustrative example
is given for a conical shell,

In speaking of the one-dimensional transients of conical and cylindrical shell
deformation, we shall have in mind the axisymmetric processes of these objects
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and the plane deformations of an infinite cylindrical shell (ring).

One-dimensional transients of conical and cylindrical shell deformations have
been investigated in a wave formulation in the past decade by using various
models and methods within the scope of linear shell theory [2-4],

Fast-moving conical and cylindrical shell deformations have also been inves-
tigated within the scope of nonlinear shell theory [5-10,11], but methods to an-
alyze the specific properties of traveling waves are still almost lacking,

Indeed, mainly the application of

a) Methods of reducing the shell to a system with a finite number of degrees
of freedom [12-16];

b) Finite-difference methods of integration by using a mesh determined in
advance without clarification and taking account of discontinuities in the solut- :
ion [17-197;

c) The method of lines [rays] with subsequent integration of a system of Runge-
Kutta ordinary differential equations [20];

d) A method of approximating the tangential displacements by the linear
"column” solution with the subsequent calculation of the normal displacements
from the nonlinear equations [21-23], is found in existing papers which are dev-
oted primarily to the analysis of dynamic stability problems,

These methods tumed out to provide results in stability analysis, but do not
allow complete characterization of the solution as a nonlinear transient of wave
propagation, Hence, there is little information on how a geometrically nonlin-
ear wave process, which is known to be small in some initial stage of the motion
will differ from a linear wave process, will deviate more and more from the lin-
ear with the growth of time and become qualitatively different for high enough
values of the time, Not explained are the limits of the well-founded applicab-
ility of linear theory, as well as the role of the shocks for a change in the char-
acter of the wave transient, including the appearance of large normal displace-
ments (loss of stability),

It is shown that the mentioned questions can be clarified by using the method
of ¢haracteristics within the scope of nonlinear theory, However, an algorithm
is needed for this, which is adapted to the case of the presence of several pairs
of families of characteristics (there are three such pairs in a nonlinear theory of
Timoshenko type in the case of one-dimensional wave processes),

The algorithm proposed below consists of the following elements;

a) The representation of the initial equations [1] as a quasilinear system of
first-order equations in the first derivatives of the displacement and additional
formulas to calculate the displacements which are also in the coefficients of the
system of equations;

b) The construction of equations govemning the direction of the characteristics
and the differential relations on the characteristics;

c) An algorithm of the iterative product of a computation by the second me-.
thod of Masseau in the case of the presence of several pairs of families of char-
acteristics,

Let us note that the method of characteristics has been applied in [24-26]
within the scope of a linear shell theory of Timoshenko type, The directions of
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the characteristics are constant in linear theory and independent of the solution,
but in a theory of Timoshenko type two out of the three pairs of families of cha-
racteristics coincide, During the calculation of the linear solution (for compar-
ison with the nonlinear solution), it was noted in passing that the difference be-
tween linear solutions obtained by the method of characteristics in [25, 26] is a
result of an error in one coefficient of the equations in [25],

1, Initial equations, Let us consider conical and cylindrical shells, Let /i'be the
shell thickness, 2, the radius of the middle surface at the shell endface, where the ef-
fect is applied, 0 = constis the angle between the axis and the generator of the middle
surface of the conical shell (§ = 0)in the case of a cylindrical shell), E is the elastic
modulus, v the Poisson's ratio, iy a shear coefficient in a shell theory of Timoshenko
type, 0o the density of the shell material in the undeformed state, R; (j = 1, 2) the
radii of curvature of the middle surface, ¢ the time, T dimensionless time, Let a co-
ordinate system with the Lamé parameters

A = h = const, B = Ry + ahsin 6
be selected on the shell middle surface. Hence
T = tczh-.-l,' E'/’ [2 (1 + V) 90]"/'
R, = oo, R = Ro (cos 8)~ 4 ah tg O

Let us consider axisymmetric wave processes dependent on the Lagrange coordinates
@ and 7. Letwbe the dimensionless (divided by k) tangential displacement, w, the
di mensionless (divided by 4) normal displacement, and w, the angle of rotation of the

normal,
Let us introduce the notation
. 9 1
2y, oy, B=gd—w)
= hR,™1, vy=25 B"‘, n = yw,; + dw,

and the new unknown terms
Vi=uw, Vo=uwy, Vi=uy, Vi= w1 S Ve=wy', Ve=w, (1.1)

Utilizing the nonlinear equations [1] and the relationships

vt =w;" (i=1,2,3)
it is easy to derive the matrix equation
IV+MV —G=0 (1.2)
and the formula
wy = | Vida + Vidv (i=1,23) (1.3
where ['is the unit matrix and V,"M, Gare the following matrices:
Vl 0 0 O ('Dll — (-Dlg — (Dl3 (‘Dlo
Vz 0 0 0 (D21 —_ (Dag O (D20
Va O 0 0 — (Dal 0 — (D33 (D30
V=|V, M=j—1 0 0 0 0 0 j, G=1[0 (1.4)
Vs 0—-1 0 O 0 0 0
Ve 0 0—1 0 0 O 0
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The following notation has been used in (1,4)
Dy =k (1 + 3V4 + v, My = kr'w; + K72V
B3 = Y1k 2 2V + vywy) @y = Dy, Dy = kp® + k72 (V4 + vm)
O, = 120, D, = k72 (1 4 2V)) {1.5)
D=k [Vy—n 4+ B +v)(VE—13)4 Y, —v) V¥ +
HETVOV . (4 + Vi + W) +hr? [Cwy -+ Vi) Vi 4+ ¥ (wy + Vi) wyl+4 Mk x
X UL+ v) Ve — vy (yw; + vVe) wyl (1.6)
Dyo =52 (1 +v) ViVs — &2 [(1 +2om) m + v (1 5V, +m) Vi —
"‘1/2'VV§21 + kr? (Ve + ywg) (1 + Vi) + ¢Vl — Yipk™98 (yiwy + vVe) wy
D=k +2Vy,—20n) Ve — k32 (1 — vV 4 vn) wy +
+ A WovVw, — 12kr2 [(1 -+ 2V) wy + (1 + Vy) Vil
The stress resultants, transverse forces, and moments can easily be expressed in terms
of the dimensionless quantities introduced above, For example, in the transverse secti-

on a = const.the tangential stress resultant I, the transverse force [V, and the mom-
ent //{;, can be represented as follows:
Ty =Ep (Vi + Ve + v+ 4 Vo) 1LV + K (i + w,Vie)l+
ot DT (Vg2 4= vy Vivg).
Ny = E, [(ViVs + vVs) + K (wy + Vi + Vaoy)l
My, = DR [Vg + 2V, Ve 4+ vyw, (1 + Vo4 ) 1.7
E, = Eh (1 — v¥)™1, K = K*he?, D = ER[12 (1 — ¥3)]?

In substance, the matrix equation (1,2) is a quasilinear system of six first-order equ~
ations in V; (@, t©)(j = 1. 2, ..., 0), The displacementsw; (j = 1, 2, J)are de-
fined in terms of V; (j = 1, 2, ...0)by (1.3). Six initial and three boundary condit-
fons in the endface sections of the shell must be formulated upon application of (1.2},
(1, 3) in wave propagation problems, Since d.is a Lagrange coordinate, then ¢ =—
== const in the endface sections,

The zero initial conditions

w; (a, O) = O, Vj ((7., 0) = 0 i=1273 (1.8)
are kept in mind below in the specific discussions, From the first group of conditions

(1. 8) we have V,(a, 0) =0 =45, 6 (1.9)

The boundary conditions for« == a,. «, = conslcan be formulated as follows, for

example:
w; (ag, 1) = gy (V) or Ty (ag, T) = g4 (T)

wy (g, T) = £, (1) or Ny (g, T} = g5 (V) (1.10)
wy(ay, 1) = g;(7) or My {ay, 1) = g4 (1)
where g; (1) are given functions of T+If w; (uy, ) = gy (v) (i = 1, 2, 3),then
Vi, T) =8 (T) (i =1,23) {1.11)

The passage from the nonlinear to the linear formulation of the problem means neg-
lecting all, in (1.5), and the square terms, in (1,6), dependent on V; and
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w; (j =1, 2, ..., 6; i =1,2,3). Let Pi;be coefficients obtained by the means
mentioned trom the expressions (D, ;, then to go over to the application of linear theory
in (1.4), the ®;,should be replaced by the following coefficients ;i

Wi =K%, Qg = Q= Qg = Qg = 0, @ = k1%, @y =k (1.12)
wro = k7% (Vo — m) + £720VVy, @ = kr* (Ve + yw, + yV;) —
=72 (M + vVa), @30 = K29V — k700w, — 12812 (wy + V) (1.13)

2, Equations to realize the method of characteristics, It is known [27] that the dir-
ections of the chracteristics of a matrix equation of the form (1, 2) can be determined
by utilizing the eigenvalues of the equation

IIM—IA| =0 2.1)

from which follows the equations
A —agM 4 WA —c =0 (2.2)
@ =@y + Dy + Dy3, b= ODyy + O, Dy + Dy, O3 — 0,2 —120, 2
¢ = 0D, D5 — DyyDy,% — 120,,D, 2 (2.3)

The characteristics in the@,7-plane are the curves du / dt = A; (fj = 1, 2, ..., 6).
Here ; are the roots of (2,2), The condition of hyperbolicity of the initial system
(1, 2) is identical to the condition of all roots in (2,2) being real, and can be represent-
ed as
(M) — (3p) L0 (2.4)
p = Y,a% — b, q = %gea® — Yab + ¢ (2.5)
The roots of (2, 2) can be calculated from the formula
hj= (s + 2(/sp)hcos Y3 (@ + 2nm)]} (n=1,2,3) (2.6)

@ = arc cos'[Yaq (Yp)~"h1] 2.7
Let the roots of (2, 6) be enumerated as follows:
M3 A3 .3 (2.8)

The functions (I)i 3 depend on the desired solution, hence the k, also depend on the de-
sired solution,
The matrixM — IMAis singular, hence,there exists the eigenvector {27]
CO = {C,, C, 0, C;, C,®, CsM, C4li)}
for which .
COM =A,CH  (i=1,2,..,6) (2.9)

Equation (2, 9) decomposes into the systems
AP — Dy — @, — Dy G,

— Dy AP — Dy, 0 C,|=0 (2.10)
-y, 0 A’,z — Dy, C,0
C{- — ¢y (k=1,2,3) (2.11)

C = =M, G = —hC®, C = —MC® (1=1,2...6 (2.12)
The matrix equation (2,10) has the solutions

CyP = (— 1)n-* fVN_"cnm G=1,23 k=1,223) (2.13)
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whereNy, N are minors of the matrix of the system (2,10) obtained by deleting its
k-th and p-the column, respectively, Let us give the components C{V = {, (¥ =
=1, P = 41, and let us evaluate the remaining components with the subscripts
k=1, 2, 3by(2.13), We have

C;U == ‘3312 (3‘2 — (Dzz).'l, C:(il) = (Dls (}"12 - (1)33)—1
,§” = 120, (A, — Dy,) [(A,2 — D)) (A2 — D) — D21 (2.14)
éz) = 120, [(A* — Dyy) (A7 — D) — D ®171

) __m o2 @\
L7 = Wi \Ag" — Wyy)

(3) 81—~
C3" = DpDy5 [(A,7 — D) (A — D) — 1205372
All the remaining components are evaluated by means of the relationships (2,12), Mu-~
Itiplying (1, 2) on the left by the eigenvector C(!), we obtain
COV' 4 COMV’' — COG = 0
Taking account of (2, 9), we have ,
COH(DIVH —COG = 0 (2.15)
DiVi= V' 4 1,V (2.16)
Equation {2, 15) determines the differential relations on the characteristics,
We obtain the characteristic directions to the accuracy of linear theory from (2,1)

after having replaced the coefficients (;;from (1. 5) in the matrix M by the coefficie-
nts_ ¢;;(1.12Xi, j = T, 2, 3).These directions are constant

M=d =k A=k, M= —kr, M=k = —k (2.47)

MY 2 _¢h \{) 2 O 4
Wiy == Wyy) WAy — Wyy) — A

This means that multiple roots appear in the linear formulation, Let us determine the
eigenvectors from (2,10)~(2,12), where the (I)U in (1, 5) have been replaced by the(;;
in {1.12) and from the condition that linearly independent eigenvectors would corresp~-
ond to the multiple roots, Such solutions of (2,10) are
Cl(l) =1, C,M= Cau) =0, C1(2) — Cz(z) == 0, Ca(z) =1, (]1(3> - C;;(‘” = ()
Cy® =1 (2.18)
3, Algorithm of the numerical reslization of the method of characteristics, Follow-
ing Courant [28], let us utilize a matrix description of the algorithm, The unit vector
sth (i = 1, 2, ..., 6)in the direction of the i-th characteristic has the following pro-
jections in the gt-plane;

A+ 73" na a-ocs, (1 4+A3" na v-ocw 3.1)

The derivative along the j-th characteristic, i,e,, in the direction 87 has the follow-
ing form:

5OV = A (L4 AHV ok (14 A2V (3:2)

Utilizing the notation (2,16), we obtain
sO-yV = (L + A" (D'V}) (3.3)
Let us construct the algorithm of a finite-difference integration of the matrix equat-

ion (2,15), and let us evaluate w, by means of (1.3). Let us utilize the so-called
standard technique for which the main mesh in the at-plane is selected along the
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characteristics having the dircctions A, A,. Let us introduce the numbering of the nodes
in this mesh indicated in Fig.1, Let us consider the triple of nodes Py n, Pr_g,n,
Py, aoy.Let the coordinates of the nodes Pp_y.n, Pu,q_1and the quantities V; (j =

= 1,2, ..., 6), w, (#= 1, 2.-3) at these nodes be known, and the coordinates of the
node £,, , and the quantitiesV; (j = 1, 2, ..., 6), w, (k = 1, 2, 3) at this node
unknown and subject to calculation, For brevity in writing the computational algorithm

T ) M.
P 5 518 s stn
e":ﬂ*f (A
m
n
a-/ n-1
'
Fig.1, Fig. 2,

let us introduce the following notation for the nodes (Fig, 2)

Pm,n = X’ Pmm—l = pl’ Pm-l,ﬂ = Ps

Let us still introduce the auxiliary points p,, p,, Py, Psas is indicated in Fig,2, In the

finite~difference approximation, the derivative along the i-th characteristic has the

torm

sOyY () = [V(X) = V() I +ADBAT]Y =1,2,.,0]  (3.4)
Aty =t (X) — T (p3) (3.5)

and VV (p,*)should be understood to be the middle derivative along the i-th character-

istic on the segment between the nodes X and p;. Equating (3, 3) and (3,4) we obtain

DiVi(p*) = [V(X) — V (p)] (AT~ (3.6)
Substituting (3, 6) into (2.15), we have the following finite-difference equation in the
matrix form

CO(p*) V(X) = CO(p*) [V (pi) + G (pi*) AT;] @7

Here and henceforth,G (p;*), A (pi*), C™*) (p;*)should be understood to be quantit-
ies calculated by means of (1,4),(2, 6) and (2,13), respectively, in which (in conform-
ity with the second method of Masseau [29]) the following approximate representations
have been introduced
Vi =ve@) =" ViX)+ Vi)l wj=1w;(p*) = Y2 [w;(X) + w; (p))]
o = a(p*) =Y, [a(X) 4+ a(p)] (3.8)
Let us now eliminate values of V at the auxiliary points s, Pa, P Psfrom the syst-
em (3,7)., From geometric considerations it follows that

T(X) = [ (py) — % (Pe) — A (py*) T () + A (P6™) T (Po) ] [Ag (Pe*) — Ay (P1™)]
o (X) =‘°‘(1’u) — [T (X) — T (pe)1 s (Ps™) (3.9)
a(pi) = (& (X) + [T (ps) — T(X) — (v (ps) — ¥ (P1)) (> (Pe) —
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— & (p))r o (Pa)] i (P*)} [ — (T (P6) — T(Py)) — & (P1)) ™" Ay (P
T(p) = [@ () — 2 (X)] [M(pi*)]) 7 + 7 (X) (3.10)
We find the values of the desired functions at the point p; by interpolation between the
points p; and pg, which results in thefollowing formulas:

Va) =1 — Q) Va(pe) + QiVa(p1)y wi(pi) = (1 — Q) wy, (pg) +
+ Quws (py) (3.11)
Qi = [a (ps) — a (p)] [a (ps) — a (pyl! (3.12)

Substituting (3, 10) into (3.6), we obtain
CO(p*) V(X) = CO(p*) [(1 — Q) V¥ () + @iV (py) + G (p*) AT;] (3.13)
(¢=1,2,3,..,6)
We take the integrals (1, 3) along the characteristics with the directions A; and Agby
means of the formula
Wi (X) = Y2 {[Viia (P*) M (p1*) + Vi (P *) ATy +w, (py) + (3.14)
T [Vira (06*) Me (D6*) + Vi (9s*)] ATs + wy (o)} (k=1,2,3)

The problem now is to produce an iterative algorithm to find such coordinatesa, T of
the node X ,as well as the quantitiesV; (X), j = 1, 2,.. Gandw; (A), & = 1, 2,3,for
which the equalities (3,13), (3, 14) are satisfied with a numerically assigned accuracy,

Let us consider the calculation of the zero approximation, utilizing the approximat-
ion formulas

hi (pi*) =M (P wi(p®) = wi(p1)s Vi (B*) =Vi(p) (=123 (3.15)

A (P*) =M (pe)y i (pi*) = wi(Pe)y Vi (Pi*) =Vi(Ps) (i=14356)
in the following way,

First, let us calculate the coordinates of the node X in a zero approximation by means
of (3, 9), in whose right sides the A, (p;*)are approximated in the form (3,15), Then
let us evaluate w; (X )by (3.14) utilizing the approximation (3,15) in the right side,
The At; are hence calculated by means of (3.5). Applying the approximation (3,15),
we findC®¥) (p;*)in a zero approximation, Then we evaluateG (p;*)by utilizing the
o (X), w; (X)in the zero approximation already found and by approximatingV,, (p;*)
by (3.15), It now turns out to be possible to calculateV (X)in a zero approximation
form (3,12).

The improved coordinates of the node X ,the improved vectors C() (p;*), G (p;*),

V (X) are calculated alternately in the next approximations, Formulas (3, 8) and all
the necessary quantities are used to calculate each quantity, in the approximation in
which they are available at this stage of the iteration process, The iteration is contin-
ued until the difference in the last and next-to-last approximations of the desired quan-
tities becomes less than some given value,

Let us examine the question of imposing the boundary conditions at the shell edge
@ = «,, a, = const.The boundary @ = a,is a time-like line in the @ 7-plane, and
hence,only three of the six vectors s(iare directed to one side, Therefore, three equ-
ations with six unknown V; follow from the matrix equation (3,13) on the boundary
o = @,. We add the three boundary conditions (1.10) to these three equations, where-
upon we have a system of six equations in six components of the vector V.Let us constr-
uct the following vectors

Gi* = 6ijVi’ V‘i* = (} - 61]) Vi (i = 1v 2, 3yuov 6)
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where 0;; is the Kronecker symbol, and j is the subscript taking on the three values
which correspond to the three components ¥, given on the boundary, or expressed on
the boundary (by using the boundary conditions) in terms of given functions and the re-
maining components of the vector V, In other words, V* is an unknown three-component
vector, and G*is a three-component vector whose components are either known, or
expressed in terms of the components V;,
Re . -

presenting the six-component »{?c;orv\; a-+s_ G (3.46)

we obtain the following equation from (3,13):
CO (p*) V*(X) = CO (p*) [(1 — Q1) V(pe) + @iV (P1) +
+ G (p:*) Aty — G* (X)] (3.17)

where X = Py, m, Py = Pm-1,m-1in thet > 0,0 > a,domain denote the boundary
points, Py = Py, ;m, ¢ = 4, 9, 6andX = Ppm m, Pg = P -1, m-1 denote the bound-
ary points,P; = Py my, i = 1, 2, 3.If some of the three dimensionless displacem -
ents are not given on the boundary @ = @, then these unassigned dimensionless displac-
ements are calculated by (3,14), which becomes on the boundary

w (X) = [Viea (0*) M (0:*) + Vi (0:)] A7 + wi () (3.18)

Fort >> 0, @ > a,in(3.18) one should take i = 6 and i = 1 fort > 0,0 < ¢,
The interpolation process on the boundary can be accomplished just as for the interior
points described above,

4, Numerical example, Let us consider the wave transient for ¥ > 0in the semi-in~
finite (a > O)conical shell, Let us give the zero initial conditions (1, 8) and the follow-
ing functions in the boundary conditions (1,10):

ga(t) =g (*) =0, g (v) = 2771 arctg (mv) (4.1»
Let us represent the vector V. on the boundary in the form (3.16), where in this case
V10, ) 0
0 V2 (01 T)
. . 0 . _ Vs (0, 7) 5.2
V*(0,7)= o G*'(0,7) V2 0. %) 4.2y
Vs (0, 7) 0,
Vs 0, 7) 0
From (1,11), (1. 7), (4. 1) follows
Va(0, 1) =V3(0,7) =0 (4.3y

Va(0, ¥) = E;! ga (v) = */2V4* (0, ©) — v [0 (0, ¥) -+ /" (0, 7) +
+ Vi (0, 1) 1(0, 1)] — Y2Vs? (0, ¥) — Y12V6? (0, 1) (4.4)
In the linear formulation of the problem/4, 4) simplifies to the following:
Va(0, 7) = E;lga (v) — v (0, 7) (4.5)

We present the results of a numerical computation obtained for a conical shell with
the following values for the coefficients:

0 =—30°, kJRo=1s0, k3=0.87, v=1ys, TYEL=0,01, m=5

Partitioning of the nodes with the spacing A7, = 0.1 was applied along the front, The
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coordinates of the nodal pointsP,, ,(Fig,1) and the desired quantities at these points
were found at a series of pointsm = 1, 2, 3, . . .along the characteristic with the direc-
tion A,on each of which the computation was carried out alternately at the points

n o= '1, 2, 3,...

The computations were performed in parallel in a nonlinear and linear formulation,
where the partitioning of the nodes on the first frontt = k~2awas identical, The results
of the computation show that by nonlinear theory V, and V, along the chracteristics
with the direction A, differ slightly in the initial stage from the ¥, and v, from linear

¥ theory, However, the characteristics of identical order

number 7 by linear and nonlinear theory do not coinci-
s de in the a, T-plane,

The quantitative difference between the linear and
nonlinear solution grows as time increases in the initial
stage, mainly for this reason, The qualitative difference
between the linear and nonlinear solution occurs at the
intersection of the characteristics att = 30(Fig, 1), which
results in the appearance of a discontinuity in the comp-
onents V,, V', of the nonlinear solution, In other words,

a shock 6riginates in this example for 1==3u .However,
quantitative results by the nonlinear and linear theories
differ noticeably in the initial stage of the motion only
in a narrow band behind the first front (Fig, 3), The solid

an

e e e e o d P

s\

L o H’Jl lines in Fig, 3 picture the linear theory results, and the
¥ 7 o dashed lines are linear theory for T = .0, T = 30. Let us
note that the shock occurs at the first front always upon

Fig, 3, the application of a tensile type tangential effect, and

never occurs upon application of a compressive type
tangential effect,
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The relationship between spectra of moment and momentless [membrane] syst-
ems of differential equations which describe the characteristic oscillations of
shells of revolution is examined,

For the eigenvalues of the lower series the oscillation theorem is proven, Con-
ditions are found for which the lower series of frequencies of the momentless
system has a finite limit point,

A number of papers are devoted to finding the frequencies of characteristic oscillations
of a thin shell by the small parameter method (see Bibliography).

In this paper some mathematical problems are examined which are connected with
the problem of finding the characteristic frequencies for a shell of revolution, In this
case the characteristic oscillations with m waves along the parallel are described by the
following system of equations [1, 5];
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Here i, U, w are the projections of the displacement of a point on the directions of the
meridian, the parallel and the normal to the shell, respectively; s is the length of the
meridian arc, @ < s < b; B (s)is the distance from the meridian to the axis of rev-
olution; /7, (s)and J?, (s) are the principal radii of curvature of the shell
(. i 1 _ Vi=B" 2 h
Ve me T E o M=U=dprh weg

(0.2)

where L is Young's modulus, ¢ is Poisson's ratio, ¥ is the density, p is the frequency
of oscillations, h is the thickness of the shell and W is the small parameter, The system



